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STRONG CONNECTIONS AND THE RELATIVE CHERN-GALOIS 

CHARACTER FOR CORINGS 


GABRIELLA BOHM AND TOMASZ BRZEZINSKI 

Abstract. The Chern-Galois theory is developed for corings or coalgebras over 
non-commutative rings. As the first step the notion of an entwined extension as an 
extension of algebras within a bijective entwining structure over a non-commutative 
ring is introduced. A strong connection for an entwined extension is defined and 
it is shown to be closely related to the Galois property and to the equivariant pro- 
jectivity of the extension. A generalisation of the Doi theorem on total integrals in 
the framework of entwining structures over a non-commutative ring is obtained, and 
the bearing of strong connections on properties such as faithful flatness or relative 
injectivity is revealed. A family of morphisms between the ATg-group of the category 
of finitely generated projective comodules of a coring and even relative cyclic homol¬ 
ogy groups of the base algebra of an entwined extension with a strong connection 
is constructed. This is termed a relative Chern-Galois character. Explicit examples 
include the computation of a Chern-Galois character of depth 2 Frobenius split (or 
separable) extensions over a separable algebra R. Finitely generated and projec¬ 
tive modules are associated to an entwined extension with a strong connection, the 
explicit form of idempotents is derived, the corresponding (relative) Chern charac¬ 
ters are computed, and their connection with the relative Chern-Galois character is 
explained. 


1. Introduction 

The Chern-Connes pairing is one of the most important and powerful tools of non- 
commutative differential geometry [TB]. In a recent paper [T2] a formalism has been de¬ 
veloped connecting a certain class of coalgebra-Galois extensions or non-commutative 
principal bundles na HB with the K-theoretic aspects of associated modules or (mod¬ 
ules of sections of) non-commutative vector bundles. The key tool in this formalism is 
the notion of a strong connection introduced for Hopf-Galois extensions in [22] and ex¬ 
tended to the coalgebra-Galois case in [T4|, while the bridge between coalgebra-Galois 
extensions and the K-theory is provided by a Chern-Galois character. 

In a series of papers [2B|, [27] L. Kadison has shown that certain depth 2 extensions 
of algebras fit naturally into a framework of generalised Galois-type extensions in 
which a Hopf algebra or, more generally, a coalgebra, is replaced by a Hopf algebroid 
or, more generally, by a coring. The key here is the crucial discovery made in |28| that 
to any depth 2 extension one can associate two bialgebroids which (co)act on the total 
algebra of the extension. Geometrically, these new families of Galois-type extensions 
can be understood as (principal) bundles in which a standard fibre is a groupoid 
(rather than a group as in classical principal bundles). From the algebraic point of 
view, as in the case of coalgebra-Galois extensions, these Hopf algebroid extensions 
are given in terms of Galois corings. The Galois theory for Hopf algebroids has been 
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developed and generalised further in [H] within a framework of entwining structures 
over non-commutative rings, introduced earlier in [1]. Galois extensions for Frobenius 
Hopf algebroids were studied in [T] using the language of double algebras. 

The Chern-Galois theory is developed in [12] within the framework of bijective en¬ 
twining structures over a field. The aim of the present paper is to develop the relative 
Chern-Galois theory (relative in the sense of Hochschild) within bijective entwining 
structures over non-commutative rings, and then to illustrate that the theory thus 
developed is perfectly suited for describing examples coming from depth 2 extensions. 
The outline and main results of the paper are as follows. 

We begin in Section [2] with a description of preliminary results. The topics covered 
include i?-rings and corings, entwining structures over non-commutative rings and 
their entwined modules, and the relative cyclic homology. In particular we introduce 
the notion of an entwined extension in Dehnition 12.21 and construct a new example 
of an entwining structure over a ring in Example 12.31 and Remark 12.41 In Section [3] 
we introduce the notion of a strong T-connection in a bijective entwining structure 
over a non-commutative ring - the first main object of studies of the present paper. 
Theorem 13.71 contains the hrst main result of the article: it relates the existence of a 
strong connection to the Galois property and equivariant projectivity of an entwined 
extension. The notion of eguivariant projectivity is introduced earlier in Section [3] 
and is related to the existence of connections through a generalised Guntz-Quillen 
Theorem [331 We illustrate the notion of a strong connection on a number of examples. 
In particular, we construct an example of a strong connection in a depth 2 Frobenius 
split (or, dually, separable) extension over a separable algebra R. 

Section m is devoted to a special case of entwined extensions in which the coaction 
is given by a grouplike element in a coring. In particular we extend Doi’s theorem 
on total integrals in Proposition 14.21 We also describe how the existence of strong 
T-connections is related to the direct summand property, faithful flatness and relative 
injectivity of an entwined extension. 

The main results of the paper are contained in Section [5l First in Theorem 15.41 for 
any T-flat entwined extension B A with a strong T-connection Et and a hnitely 
generated and projective comodule of the structure coring C, we construct a family 
of even cycles in the T-relative cyclic complex of B. These cycles give rise to a family 
of maps from the Grothendieck group of isomorphism classes of hnitely generated and 
projective G-comodules to even T-relative cyclic homology of B. This family that a 
priori depends on the choice of a strong connection, is termed a relative Chern-Galois 
character. We compute explicit forms of the relative Ghern-Galois character for cleft 
Hopf algebroid extensions and for depth 2 Frobenius split extensions. We then prove 
that, with additional assumptions, the value of the relative Ghern-Galois character is 
equal to the value of the relative Ghern character of B. This is done by associating 
a hnitely generated (relative) projective R-module to an entwined extension with a 
strong T-connection in Theorem 15.81 and calculating its idempotent in Theorem 15.101 
and the corresponding relative Ghern character in Lemma 15.131 In this case the 
relative Ghern-Galois character does not depend on the choice of a strong T-connection 
by the cyclic-homology arguments. 
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2. Entwined extensions and relative cyclic homology 

We work over an associative commutative ring k with unit. All algebras are assumed 
to be associative and with a unit. Throughout, R denotes a fc-algebra and C denotes 
an i?-coring with a coproduct Ac and a counit ec- M/j denotes the category of 
right i?-modules, denotes the category of right C-comodules, etc. The notational 
conventions for Hom-functors are Hom_/j(—, —) for right i?-modules, Homij_(—,—) 
for left i?-modules, Hom/jR(—, —) for i?-bimodules, and similarly but with upper 
indices for comodules of a coring. Actions and coactions are denoted by g with the 
position of the index indicating the side on which a ring or coring acts or coacts, for 
example qm denotes the right action of a ring on a module M, and denotes a left 
coaction of a coring on a comodule A etc. 

2.1. i?-rings. An R-ring A is a monoid in the monoidal category of bimodules for 
a /c-algebra R. That is, A is an R-R bimodule equipped with an R-R bilinear as¬ 
sociative multiplication map fiA '■ A® A —> A and an R-R bilinear unit map for the 

R 

multiplication, tja '■ R ^ A. 

Composing i^a with the canonical epimorphism A®A —>■ A®A, one obtains a k- 
algebra structure on A with unit element 1a ■= Va{^r)- Conversely, the i?-ring 
structure is determined by the fc-algebra structure of A and the unit map r]A via the 
usual coequaliser construction. 

Since any module for the /c-algebra A is in particular an i?-module (via the algebra 
homomorphism tia), the notions of modules for the R-ring A, and for the correspond¬ 
ing /c-algebra, coincide. 

The left regular module for the base algebra R extends to a left A-module if and 
only if there exists a left augmentation map rq, i.e. a left i?-linear retraction of rjA 
satisfying Rg{aa') = Rg{ariA{Rg{a'))), for all a, a' G A. 

The invariants of a left A-module M with respect to the left augmentation rq are 
dehned as elements m & M for which am = riA{Rg{a))m for all a & A. The /c-module 
of invariants in M is isomorphic to Homyi_(i?, M). 

An /2-ring A is called separable if the multiplication map piA '■ A® A —A is a split 
epi in the category of A-A bimodules. It is equivalent to the existence of an R-R 
bilinear map ( : R ^ such that 

(2.1) (pAf A) o (A®C) = (A^/in) o (Cf^), l^AoC = VA- 

The element C(1 r) of A® A is called a separability idempotent. If A is a separable 
/2-ring such that the unit map rjA is injective, then A is called a separable extension 
of R. 

2.2. /2-corings. An R-coring C* is a comonoid in the monoidal category of bimodules 
for a /c-algebra R. That is, C is an R-R bimodule equipped with an R-R bilinear 
coassociative comultiplication map Aq : C —> C®C and an R-R bilinear counit map 
Ec-.C ^R. 

A right comodule for an R-coring (7 is a pair (M, g^) consisting of a right R- 
module M and a right /2-hnear coassociative and counital coaction g^ : M —>■ M®C 
of C on M. The morphisms of right C-comodules are right /2-linear maps which 
are compatible with the coactions. In accordance with our general conventions, the 
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category of right C-comodules is denoted by M'". Left comodules for i?-corings and 
their morphims are dehned analogously, and their category is denoted by '"M. 

In explicit calculations we often use Sweedler’s notation for coproduct Ac'(c) = 
^C(i)®C( 2 ), right coaction {m) = ^ M<^C, and left coaction ^g{n) = 

X] ^ make notational difference between left and right coactions 

(note different types of brackets used), since later on we deal with R-R bimodules 
which are left and right C-comodules, but not necessarily C-C bicomodules. 

Given a /c-algebra B, bM*" denotes the category of B-R bimodules that are at 
the same time right C-comodules with a left i?-linear coaction. For any M E bM^, 
the right i?-module B®M is a right C-comodule with the natural coaction _ 

k 

B®q^ , and the left 5-multiplication mQ '■ B®M —M is a right C-comodule map. 

k k 

By P Lemma 5.1], the right regular module for the base algebra R extends to a 
right C-comodule if and only if the left regular i?-module extends to a left C-comodule. 
These properties are equivalent to the existence of a grouplike element in C, that is 
an element e such that Ac{e) = e®e and Sc{e) = 1_r. In terms of a grouplike element 
e the right and left coactions are given by 

R ^ C, r ^ er, and ^g : R ^ C, r ^ re. 

The coinvariants of a right C-comodule M with respect to a grouplike element e G 
C are dehned as elements m E M such that g^(m) = m®e. The fc-module of 
coinvariants in M is isomorphic to Hom“‘"(i?, M) [T6l 28.4]. The coinvariants of 
left C-comodules with respect to a grouplike element are dehned analogously. In 
particular, the coinvariants of i? as a left, and as a right C-comodule coincide, and 
form a unital fc-subalgebra B oi R [TBl 28.5 (1)]. An 5-coring C with a grouplike 
element e is called a Galois coring, provided the canonical map 

can/j : R®R —> C, r®r' i—>• rer' 

is bijective. In this case can^j establishes an 5-coring isomorphism between C and 
the canonical Sweedler coring R®R. 

For an 5-coring C, the left 5-dual *C: = Homij_(C, 5) is an 5-ring with multi¬ 
plication 

(//')(c) = Y. /'(C( 1 )/(C( 2 ))), tor all /. /' e -C. C e C. 

The unit map 5 —> *C is given by r i—[ c i— ec{cr) ]. Any right C-comodule M 
with coaction g^{m) = X]determines a right module for *C via 

mf = ^m[o]/(m[i]), for all m G M, / G *C. 

Since C-colinear maps are *C-linear, there is a faithful functor M'" —> M*c. It is an 
isomorphism if and only if C is a hnitely generated and projective left 5-module m 
19.5-6]. 

An 5-coring C is called a coseparable coring if the coproduct Ac : C —> C®C is a 
split monic in the category of C-C bicomodules. By [m 26.1], this is equivalent to 
the existence of a cointegral, i.e. an 5-5 bilinear map 8 : C®C 5, such that 

{C®5') o (AcG)C) = {5®C^ o (C®Ac), 8 o Ac = sc- 

R R R R 
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2.3. i?-entwining structures and entwined modules. A right entwining structure 
over a fc-algebra R consists of an i?-ring A, an i?-coring C and an R-R 
bilinear map ijj : C®A —> A®C satisfying the following conditions 

R R 


i) O 

ij o (C'®?7 a) 

R 

(A® Ac) o -ijj 

R 

(a®£c) ° i’ 

R 


o (A0I/;) o 

Va^C, 

R 

o {C®^) o (Ac®A), 

£C®A. 

R 


A right entwined module for a right entwining structnre (A, C, 'ip)^ is a right A-module 
and a right C-comodule M such that 

° Qm = {qm®C) o {M®Tjj) o (g^®A). 

The morphisms of entwined modules are right A-linear right C-colinear maps. The 
category of right entwined modules for a right entwining structure {A,C,'iP)r is de¬ 
noted by 

Applying the construction in [H Example 4.5], to a right entwining structure 
(A, (7,one can associate an A-coring {A®C)^ as follows. {A®C)^ = A®C with 
the obvious left A-module structure. The right A-module structure is given by 


{a®c)a' = a’ifj{c®a'), for all a®c G A®C, a' G A. 

R R R R 

The coproduct is A® Ac and the counit is A®ec- Using the same line of argument 

R R 

as in [9l Proposition 2.2], one checks that right comodules for the A-coring (A®^)^ 
can be identihed with right entwined modules for the entwining structure (A, (7, V')/? 

via the identihcation of M®(A®(7) with M®C for any object M in 

Conversely, if A®(7 is an A-coring with obvious left multiplication, coproduct 

R 

A®Ac and counit A®£c, then the map 

R R 

(2.2) V' : C®A A®(7, c®a ^ (lA®c)a 

R R R R 

gives rise to a right entwining structure (A, (7, '0)ij over i?, provided that 


(2.3) o {A®C®r]A) = A®gc, 

R 

where is the right A-product in A®(7 and gc is the right /^-product in (7. The 

R _ ^ 

condition fl2.3p is necessary and sufhcient to ensure that the map "0 in fl2.2p is right 
i?-linear. 

If A is an entwined module for a right entwining structure (A, (7, V')/? with the right 
regular action and a (7-coaction then p^(l/i) is a grouplike element in (A®(7)^. 
For an entwined module M, the coinvariants with respect to g^{lA) are denoted by 

McoC_ 

Left entwining structures over a fc-algebra R are dehned in a symmetric way. A 
left entwining structure R{A,C,'ijj) consists of an i?-ring A, an i?-coring (7 and an 
R-R bilinear map : A®C —*• (7®A satisfying compatibility conditions, analogous 

R R 

to the right entwining case. Analogously, one dehnes the category ^M('^) of left 
entwined modules. To a left entwining structure R{A,C,'if) one can associate an A- 
coring ((7®A)^, whose left comodules can be identihed with left entwined modules. In 

R 
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case A is itself a left entwined module with the left regular action, the coinvariants of 
any left entwined module M with respect to the grouplike element G (CiS>A)^ 

are denoted by “‘"M. 

An example of a left entwining structure over R can be constructed by the straight¬ 
forward generalisation of HH Theorem 2.7]. 

Example 2.1. Consider an i?-coring D, and an i?-ring A that is also a left D- 
comodule with the coaction ^q. Let 

i? = {6 G A I Va G A, ^Q{ab) = ^g{a)b} 

and suppose that the (left canonical) map 

cani : A®A —> D®A, a®a' i—*• 

is bijective. Then ^{A, D,'ipcan) is a left entwining structure with the entwining map 

(2.4) 'i/jcan'■ A®D ^ D®A, H-^ cani(acani“^((i<8)l^)). 

R R R R 

The corresponding coring is a Galois A-coring with respect to the grouplike 

element hence A is a left entwined module over ji{A, D,'il!can), and B = ^°^A. 

A right entwining structure (A, C, -0)^ is said to be bijective if -0 is a bijection. In 
this case _r(A, C, 4’~^) is a left entwining structure and is an isomorphism of corings 
(CfA)^-! ^ {A®C)^. 

2.4. Entwined extensions. In view of Sections l2.2l and f2.31 the following statements 
about a bijective right entwining structure (A, C,'0)^^ are equivalent. 

(a) A G M2('^) with the right regular A-action and the coaction : A —> A®C] 

(b) A is a right comodule for the A-coring {A®C)^ with the right regular A-action 
and the coaction : A ^ A®{A®C) ~ 

(c) p^(lyi) is a grouplike element in the A-coring (A(8)C)^; 

R 

(d) A is a left comodule for the A-coring (A^C*)^ with the left regular A-action and 
the coaction 

A ^ {A®C)®A ~ A®C a ^ 0 /( 1 ^); 

(e) '0 “^(p^(1a)) is a grouplike element in the A-coring (Ci^A)^-!; 

(f) A is a right comodule for the A-coring {C®A)^-i with the right regular A-action 
and the coaction 

A —>• A0(C0A) ~ C'0A a ^ (^'"^(Ia))^ = (^?"^(o)); 

(g) A is a left comodule for the A-coring {C®A),jj-i with the left regular A-action 
and the coaction 

A —>• (C0A)0A ~ Ct^A a I—>■-^“^(ap'^(lyi)); 

(h) A G ((M('0“^) with the left regular A-action and the coaction 

(2.5) ^q-.A^C®A a I—*•'0“^(ap'^(lA)). 



THE RELATIVE CHERN-GALOIS CHARACTER 


7 


Suppose that {A,C,'iP)r is a bijective right entwining structure such that the equiv¬ 
alent conditions (a)-(h) hold. The coinvariants of A as a right entwined module for 
the right entwining structure {A, C, 1 ^) 11 , and as a left entwined module for the left 
entwining structure R{A,C,'ijj~^) are the elements of the same /c-subalgebra of A, 

B = = {5 G A I = {h E A\\/a E a, g^{ba) = bg^{a)} 

= = {b E A \ ^g{b) = ^p(lyi)6} = {b E A \ Wa E A, ^g{ab) = ^p(a)6}. 

Definition 2.2. Let {A, C, 1^)11 be a bijective right entwining structure. An algebra 
extension B <E A is called an entwined extension provided the equivalent conditions 
(a)-(h) are satished and B is the fc-subalgebra of coinvariants. 

If, in a bijective right entwining structure {A, C, 'iP)r over i?, the coring C possesses 
a grouplike element e, then is a grouplike element in the A-coring {A®C)^. 

Hence the conditions (a)-(h) hold. In particular, the right {A,C,i/j)r, and the left 
r{A, C, '0~^)-coactions on A come out as, for a E A, 

(2.6) = 'ip{e®a) and ^g{a) = 

R R 

The subalgebra B = A^°^ of coinvariants in A comes out as 

B = {b E A \ g^{b) = b®e } = { 6 G A | ^g{b) = e®b }. 

R R 

In this situation we say that the entwined extension B (E A is given by a grouplike 
element e E C. 

The following example shows that to an extension of algebras B E A oi the type 
described in Example 12.11 one can associate not only a left entwining structure over R, 
but also a right entwining structure over B, provided that the extension is faithfully 
flat. 


Example 2.3. Let i? be a /c-algebra, D and i? C A as in Example 12.II For all d E D, 
write vij{d) = cani“^((i(8)l^). Notice that cn is left i?-hnear by the left /^-linearity of 

R 

^g and it is also right i?-linear since A is an i?-ring and cani is right A-linear. Suppose 
that A is a faithfully flat right H-module. Let C be the associated Ehresmann B- 
coring (cf. [T6l 34.13]), i.e. C is a B-B subbimodule of A® A, 


C = E A®A I 

i i 

with the coproduct and the counit, 

Ac(5^a*|a*) = ^a*|7n(a*(_i 


a (0) — 




a*a*. 


^(0), £c(5^aW) = 5 ^ 

i i i i 

Then {A, C,' 1/^)3 is a right entwining structure over B, where 

ij : C®A A®C, ^ a*ti7((a*a)(_i))0(a*a)(o), 

i i 

is the entwining map. 


Check. Recall from [161 34.13] that A®A is a left entwined module for the left en¬ 
twining structure r^A, D,'il:can), constructed in Example 12.11 Equivalently, it is a left 
comodule for the Galois A-coring {D®A).^^^^ with coaction a®d 1 —^ 

'Scania®d{-i))®d(o). Note that C = ’^°^{A®A). 
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Since A is a faithfully flat right -B-module, the functors 

and A®-: ^ 

are inverse equivalences by the (left-comodule version of) the Galois coring structure 
theorem [9l Theorem 5.6]. Hence the unit of the adjunction 

^A0A ■ A.® A A®C^ (i®tt -E aci7(a(_i))®a(o), 

R 

is an isomorphism of A-B bimodules with the inverse 

e-\, : A®C V a®a*®a* ^ V ad®a\ 

A® A B R Z—/ B R Z—/ R 

B i i 

Note that the map is a right H-module map by the dehnition of B as left D- 

R 

coinvariants in A. The bimodule A® A has the canonical Sweedler H-coring structure. 
Using this structure and the isomorphism one can induce a unique H-coring 

R 

structure on A®C, such that is an isomorphism of H-corings. As a result of 

R 

this one hnds that the coproduct and counit in A®C come out as 

^A®C •= (^A®A f ^A®a) ° ^A®A ° ^a®A ^ ^^7 

B R R R R 

and 

^A®C ■=^A®A°^a®A = ^^^^- 

B R 

Note that the fact that is a right H-module map implies that the compatibility 

R 

condition fl2.3l) between the original and induced H-actions on A®C is satished. The 
computed form of the coproduct and counit in A®C thus implies that A®C is a coring 
associated to a right entwining structure over B. In particular, the entwining map 
is induced from the right A-multiplication in A®C as in fl2.2p . i.e. 

V'(cfa) = (Uf c)a = c)a), 

R R 

and has the asserted form. / 

One can investigate further the entwining structure described in Example 12.31 The 
following remark summarises basic properties of this structure. 

Remark 2.4. The notation and hypotheses of Example 12.31 are assumed. 

(1) If the canonical left entwining structure r{A, D, ipcan) in Example l2.1l is bijective, 
then so is the induced right entwining structure (A, G, provided A is a faithfully 
flat left H-module. In this case A is a right D-comodule (cf. equivalent conditions 
(a)-(h)), and the inverse of ijj comes out explicitly as 

: A®C —> C®A, h-^ ^^(aa*)[o]®ci7((aa*)[i])a*, 

i i 

where n[o]®n[i] := 4’cani^Qi^A)ci) is the right D-coaction on A induced by the inverse 
of the entwining map iJcan- 

(2) A is a right entwined module for (A, C, if ))b with the coaction 

Q . A A®C, t^7(a(_i))®a(o), 
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i.e. X]'^( 1 a(-i))‘^ 1 a(o) is a grouplike element in the associated A-coring {A®C)^. 
The coinvariants with respect to this element come out as 

T = {s G A I 501^ = 1^05}. 

If A is a faithfully flat left or right -R-module, then T = R. By the construction, 
{A®C).tj) ~ A®A as corings, hence in this case {A®C).^ is a Galois A-coring. 

Therefore, if A is a faithfully flat left or right i?-module, starting from a faith¬ 
fully flat left “coring-Galois extension” B A for an i?-coring D, i.e. from a Galois 
yl-coring {D®A)^^^^, we construct the associated Ehresmann 5-coring C, and con¬ 
clude that {A®C)tp is a Galois A-coring, i.e. there is a right “coring-Galois extension” 
RCA for the 5-coring C. This suggests an interesting generalisation of and, per¬ 
haps, more symmetric approach to bi-Galois extensions (cf. [ 2 T], Dehnition 2.6], [321 
Dehnition 3.4]). It is shown in [32] that to any faithfully flat Hopf-Galois object one 
can associate a bi-Galois extension. This construction is restricted to Hopf-Galois 
objects as only in this case the associated Ehresmann coring is a Hopf algebra. To 
obtain more general and more symmetric situation one needs to replace coalgebras 
(or Hopf algebras) over the same ring by corings over different rings. Examples of this 
situation, when H is a comodule algebra for two bialgebroids D and G, are described 
in terms of 5-5 torsors in [23] . 

(3) In view of (1) and (2), if the canonical left entwining structure r{A, D^'ipcan) in 
Example 12.11 is bijective and H is a faithfully flat left 5-module, then T C H is an 
entwined extension in (H, G,' 0 )s- 

A rich source of examples of entwining structures over rings and entwined extensions 
is provided by x ^-bialgebras or bialgebroids introduced in [3l] and [30], and Hopf 
algebroids introduced in [ 8 ]. We refer to [16], Section 31] and [28] Section 2] for a 
review of left and right bialgebroids, respectively, and to [5] for more information on 
Hopf algebroids. 

Example 2.5. (1) Let (5, 5, s, f, 7 , vr) be a right bialgebroid. This means that FF is 
the total algebra, 5 is the base algebra, s is the source and t is the target map, 7 is 
the coproduct and tt is the counit. Let A be a right comodule algebra with coaction 
p^(a) = Since the unit of 5 is a grouplike element, A is an entwined 

module for the entwining structure over 5 consisting of the 5-ring A, the 5-coring 
(5, 7 , tt) and the entwining map 

(2.7) \ FF®A ^ A®FF, h®a 1 —» a[o]0ha[i]. 

(2) Recall from [5] that a Hopf algebroid 5 consists of a left bialgebroid Hi = 
{FF,L,SL,tL, iLyT^L), right bialgebroid Hr = (5,5, sr, 7 /j, tt^j) and a map S : 
FF ^ FF, called an antipode, satisfying a number of compatibility conditions. Let A 
be a right 5-comodule algebra in the sense of [7] (arXiv version), Dehnition 2.8]. This 
means that A is both a right 5R-comodule algebra and a right 5L-comodule algebra, 
such that the 5_R-coaction a h-^ X]®[o]®®[i] is Hi-colinear and the 5L-coaction a h-^ 
^a(o)* 8 a(i) is 5_R-colinear. 

Under the additional assumption that the antipode is bijective, the entwining map 
(12.7p was shown in [ 6 ] Lemma 4.1] to be bijective with the inverse 

il)~^ : A®FF H®A, a®h ^ E hS ^(ap)) 0 0(0). 
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Hence in this case A is an entwined extension of its T^R-coinvariants (which are, in 
turn, the same as the T-f^-coinvariants, see [3 (arXiv version). Proposition 2.4]). 

(3) An extension B C A of /c-algebras is called a depth 2 (or D2, for short) extension 
if A<^A is a direct summand in a finite direct sum of copies of A both as an A-B 
bimodule and as a B-A bimodule. By [28l Lemma 3.7], this is equivalent to the 
existence of right and left D2 quasi-bases. A right D2 quasi-basis consists of finite sets 

in Ends^s(A) and m^c'^m}jej in fhe commutant {A®A)^ of B in 

the A-A bimodule A® A, satisfying 

a'^j{a')(^rn®c!^ra = a®a', 

for all a®a' G A®A. A left D2 quasi-basis is defined symmetrically. Examples of D2 
extensions include Hopf-Galois extensions with finitely generated and projective Hopf 
algebras, centrally projective extensions and H-separable extensions (cf. [28] for more 
details). 

It is shown in [251 Sections 4 and 5] that a depth 2 extension i? C A determines 
a dual pair of finitely generated projective bialgebroids, with total algebras {A®A)^ 
(with multiplication inherited from A°p®A) and Ends b{A) (with multiplication given 
by composition), respectively. The base algebra is in both cases R, the commutant of 
B in A. 

A is a right (A<8A)^-comodule algebra, and if A is a balanced right H-module (e.g. 
if A is a right H-generator), then the coinvariants coincide with B. The corresponding 
(right) entwining map, described in (1), is given in terms of a right D2 quasi-basis as 
a map 

^ B a Fi ^ B x {Xn®x'J 7 j(a) ® {c>mXn®X^c'^^). 

n jGJ,7n£Mj ,n 

As a consequence of the D2 property, this entwining map is bijective. The inverse has 
a similar form in terms of the left D2 quasi-basis. In particular, a balanced depth 2 
extension is an entwined extension. 

Similarly, S: = Ends-(A) is a left EndB,B(A)-comodule algebra. The subalgebra of 
coinvariants consists of the multiplications with the elements of A on the right. This 
comodule algebra determines a bijective left entwining structure. 

(4) In the case when a D2 extension H C A is also a Frobenius extension, the bial¬ 
gebroids {A®A)^ and Ends^s(A) are Hopf algebroids with two-sided non-degenerate 
integrals, and hence with bijective antipodes (cf. [SI E])- In this case the inverse of 
the entwining map has a simple form as in part (2). 

2.5. Connections and relative cyclic homology. The concepts of a connection 
and cyclic homology were introduced by A. Connes in [T8|. The notion of a relative 
cyclic homology was introduced by L. Kadison in [241 [25] . 

Given a T-ring B with product fiB, one defines a differential graded algebra VLB of 
T-relative differential forms on B (cf. [191 Section 2]), by 

B = B®Vl^B® ■ ■ ■ ®Vl^B (n-times), 

where V^B = ker {ib ® B®B. The differential is the T-T bilinear map d : B ^ V^B, 
b I—>■ lB®b — b®lB, and is uniquely extended as a graded differential to the whole 
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of Q:B. Let M be a left 5-module. A fc-linear map Vt : M —~ Vt^BM 
is called a T-connection, provided it satisfies the Leibniz rule, i.e. for all fe G 5 and 
m e M, 

Wribrn) = d{h)®m -\- 6Vt(lu)- 

Notice that a T-connection is necessarily left T-linear. There is a close relationship 
between T-connections in M and the T-relative projectivity of M revealed by the 
Cuntz-Quillen Theorem m Proposition 8.2]: a T-connection in M exists if and only 
if there is a left 5-linear section of the multiplication map B®M —> M. 

For any T-ring B one dehnes an (n + l)-fold circular tensor product 
T-T bimodule factored by the submodule generated by ho®bi®... ®bnt — 

tbo®bi®... ®bn (see [211 1.2.11]). Note that 5®'^^ = B/[B,T]. On such a circular 
tensor product it is possible to dehne the cyclic operators 

Tn ; ^ 5§T(n+l)^ bo®bi® ... ^ {-l)^bn®bo® . . . 

The relative cyclic homology of a T-ring B is then dehned as the total homology of 
the following bicomplex 


da 

82 




di 


-dk 




-dk 


-a; 


Ni 


Ni 


da 

82 


81 


-8k 


^®t3 


N 2 


-8k 


Ni 


-d'a 


B/[B,T] B/[B,T] B/[B,T] B/[B,T]^ 


where fn = - r„, = Er=o(^ri)h and 

n—1 

A(i>of iif... Ii„) = ^(-l)'6„f 6,f... f ■ f'>»■ 

i=0 

dn = dh + {-l)"'bnbQ®bi® . . . ®bn-l- 

The relative cyclic homology of B is denoted by HC^{B\T). 

The (canonical) surjections A„ : 5®''^'^'*'^^ —> iJ®T(»i+i) induce the epimorphism 
A* : HC^{B) —> 50*(5|T), where HC^{B) is the usual cyclic homology of the k- 
algebra B. If T is a separable fc-algebra, then A* is an isomorphism [25] . 


3. Strong connections over non-commutative rings 

Throughout the paper we are dealing with left or right modules with a compatible 
additional structure (e.g., left modules which are also right comodules, bimodules, 
etc.), and we are interested in properties which are respected by this additional struc¬ 
ture. Thus we are led to the following 
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Definition 3.1. An object M G sM*" is called a T-relative right C-equivariantly 
projective left B-module or a {C, T)-projective left B-module for a fc-algebra T provided 
that i? is a right T-module and M is a T-R bimodule such that the C-coaction is left 
T-linear, the left i?-action is T-balanced (i.e. factors through B®M), and there exists 
a left 5-module, right C-comodule section of the 5-multiplication map B®M M. 

A T-relative left C- equivariantly projective right B-module is dehned in an analogous 
way. 

A 5-5' bimodule M is called a T-relative right B'-equivariantly projective left 5- 
module or a {B',T)-projective left B-module for a /c-algebra T provided that 5 is a 
right T-module and M is a T-5' bimodule such that the left 5-action is T-balanced 
and there exists a 5-5' bilinear section of the 5-multiplication map B®M —*■ M. 

A T-relative left B-equivariantly projective right B'-module is dehned in a similar 
way. 

Note that in Dehnition 13.11 it is not assumed that 5 is a T-ring (but, when 5 is 
a T-ring, then a left 5-action on M factors through B®M). On the other hand, if 
there exists a (O, T)-projective and faithful left 5-module (e.g. a 5-ring which is a 
(O, T)-projective left 5-module), then 5 is a T-ring: the map T —> 5, 1 1 —> is an 

algebra homomorphism and the right action of T on 5 coincides with that induced 
by the above map, i.e. bt = b^lst). 

It is checked in the standard way that if 5 is a T-ring, then the {C, T)-projectivity 
of an object M in is equivalent to the property that for any epimorphism 

p G Homjj^(X, y), which splits in tM*", and any morphism / G Homjj^(M, T) 
there exists a morphism g G Homjj^(M, X) such that p o g = f- Analogously, the 
(5', T)-projectivity of a 5-5' bimodule M is equivalent to the property that for any 
epimorphism p G Hom^ which splits as a T-5' bimodule map, and every 

5-5' bimodule map f : M —>■ Y there exists a 5-5' bimodule map g : M ^ X such 
that p o g = f- 

Any object M G is a B-*C bimodule, where *C is the left dual ring. If M 

is a (C, T)-projective left 5-module, then M is a (*C, T)-projective left 5-module. 
Furthermore, since forgetful functors bM*" —> bM^ and bMb —bM preserve retrac¬ 
tions, a (C, T)-projective left 5-module is (5, T)-projective, and an (5, T)-projective 
left 5-module is T-relative projective. Clearly, a T-relative projective left 5-module 
that is projective as a left T-module is a projective left 5-module. 

Since separable functors reflect retractions, part (1) of the following Proposition 13.21 
(which is a straightforward generalisation of [T71 3.2 Theorem 27]) shows that in the 
case of a separable fc-algebra R, any 5-5 bimodule, which is a T-relative projective 
left 5-module such that the right 5-action is left T-linear, is also (5, T)-projective. 
Similarly, part (2) of Proposition 13.21 (which is a straightforward generalisation of [9l 
Theorem 3.5].|16[ 26.1]) shows that in the case of a coseparable coring C, any object 
M G bM*^, which is an (5, T)-projective left 5-module such that the right C-coaction 
is left T-linear, is also (C, T)-projective. 

Proposition 3.2. (1) The forgetful functor bMr bM is separable for any k- 
algebra 5 if and only if R is a separable k-algebra. 

(2) The forgetful functor bMb is separable for any k-algebra 5 if and only 

if C is a coseparable coring. 
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Proof. (1) Suppose that the forgetful functor sM*" —is separable for all 
fc-algebras B. In particular it is a separable functor for B = k, and then i? is a 
separable k- algebra (cf. [T^ 3.2 Theorem 27]). 

Conversely, suppose that i? is a separable /c-algebra and construct a functorial 
retraction $ of the functorial morphism HomB^R(—, —) —HomB_(B(—), _b(—)), u ^ u 
as follows. For any B-R bimodules M, N and a left i?-module map f : M —>■ N, 

^if) = Qno (/f^) ° {Qm®R) o 

where ( : k ^ R<^R is a /c-linear map satisfying conditions fl2.ip . 

(2) If the forgetful functor is separable for all fc-algebras B, then it is separable for 
B = k and hence C* is a coseparable coring by [9l Theorem 3.5] or [161 26.1]. 

The proof of the converse is completely analogous to the proof in [9l Theorem 
3.5] or [TBl 3.29]. Explicitly, a functorial retraction <F of the functorial morphism 
Hom^^(—, —) —> Hom^ )/{, b(—)/{), u i—>■ u is given by the map, associating to 

a B-R bimodule map f : M ^ N the i?-linear C-colinear map 

4>(/) = (iVfi) o (£,"®C) o (/0C) o e", 
where M and N are objects in sM*" and 5 is a cointegral for C. □ 

Finally, let us note that if i? is a separable T-ring, then any object in sM*" is a 
(C, T)-projective left i?-module. Indeed, a left i?-linear, right C-colinear splitting of 
the left H-multiplication B®M —> M can be constructed in terms of a separability 
idempotent ^ as m i—>• 

Following the same line of argument as in [19] , one easily establishes a relationship 
between (C, T)-projectivity and the existence of T-connections. For any M G bM*", 
VPB®M is a right C-comodule with the natural coaction : 

VPB®M Q}B®M®C. 

B B R 

Theorem 3.3 (Cuntz-Quillen). Let B be a T-ring and C an R-coring. An object 
M G bM*" is a {C,T)-projective left B-module if and only if there exists a right 
C-colinear T-connection Vr : M —> VTB®M. 

B 

Proof Note that VPBM can be identihed with the kernel of the 5-product mQ '■ 
B®M —> M, by the commutativity of the following diagram: 

0 


0 - ^fPBM 


0-^ ker m2 < 7 B®M 

TT ^ 

where ti, L 2 are obvious inclusions both split by tt : b®m i—^ b®'m — l^bm. 

Suppose that M is a (C, T)-projective left 5-module, and let ax '■ M ^ B®M be 
a left 5-linear, right C-colinear section of the 5-multiplication map mQ- Then 

Vt : M —> VL^B®M, m i—>■ lB®rn — axim) 
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is a right C-colinear T-connection. Conversely, given a T-connection Vr, define 

(Tr : M —>• B<^M, m i—>• lB®rn — Vr(?i4). 

Using the Leibniz rule for Vt one easily checks that ctt is left i?-hnear. It obviously 
splits the product (as Vr(dL) C ker mq) and is right C-colinear as a difference of right 
C-comodule maps. □ 

Using arguments similar to these in the proof of Theorem 13.31 one easily proves that 
a B-B' bimodule M, where i? is a T-ring, is a {B', T)-projective left i?-module if and 
only if there exists a right i?'-linear connection Vr : Tf —> Q^B®M. 

The following definition introduces the main object studied in the present paper. 


Definition 3.4. Let {A,C,'iP)r be a bijective right entwining structure over R and 
i? C A an entwined extension. Let T be a fc-subalgebra of B. View A® A as a right 


C-comodule via A®g^ and as a left C-comodule via ^q®A, where is the right and 


is the left C-coaction on A, related by fl2.5p . A left and right C-comodule map 
It '■ C ^ A® A is called a strong T-connection in (A, C, '0)r iff, for all c ^ C, 


canr(£r(c)) = 1a®c, 

R 


where can^ : A® A 

T 


A®C^ a®a' I—>• ag^{a' 

R T 


Lemma 3.5. Let [A, C, 'i/j)r be a bijective right entwining structure over R and B ® A 
an entwined extension. Let T' ® T C B be k-subalgebras. If A is a {C,T')-projective 
left or right T-module and there exists a strong T-connection in (A, C, 'iIj)r, then there 
exists a strong T'-connection in (A, C, 


Proof. Suppose that A is a (C, T')-projective left T-module, and let be a left 
T-module right C-comodule splitting of the multiplication map T®A A. Define a 
right C-comodule map 

(3.1) iT' = {A®OoiT : C^AfA, 

where the canonical isomorphism Ai^T —> A is implicitly used (here and also in the 
computations below). Since "^g is a right T-module map, the canonical isomorphism 
A®T —> A is a left C-comodule map. Thus It' is a left C-comodule map. Using the 
right C-colinearity of f (in the second equality) and the fact that ^ is a section of the 
product T®A —> A (in the third), we can compute 

cShT' o It' = {la®C) o {A®g^) o (A®^) o Ir 

= {piA®C) O (A®e®C') O (A®/) O Ir 
= {iiA®C) o (A®p^) o Er = cafir o Er, 

R T 

(note that p.A denotes the product of A both as a T- and as a T'-ring). Thus we 
conclude that, for all c G C, canT'(^r'(c)) = Ia'^c, i.e. Er^ is a strong T'-connection in 
{A,C,'if)R. The (C, T')-projective right T-module case is proven in a similar way. □ 


Remark 3.6. In m Theorem 4.4] it has been shown for a general class of comodules 
of corings that the canonical map is an isomorphism (of corings) provided that it is 
a split epimorphism of comodules. Originally, [TOl Theorem 4.4] was formulated for 
base algebras over fields. The proof was extended to base algebras over commutative 
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rings k in [TSl Theorem 2.1], Notice, however, that in the proof of [ISl Theorem 2.1] 
the commutativity of k does not play any role. Hence, by repeating the arguments 
there, one can prove the following (cf. [35l 5.9]). 

Let D be an H-coring with a grouplike element e. Denote the corresponding coin¬ 
variants of A by B. Let T be a fc-subalgebra of B. Suppose that the obvious in¬ 
clusion B'^A —> Hom^“(H, yfiDH) ~ ^ A®A \ 

h®a I—>■ h®a, is an isomorphism. Then D is a Galois A-coring if 

cahr : A®A —> D, a®a' i—>• aQ^{a') = aea', 
is a split epimorphism of left D-comodules. 

In light of the bijective correspondence between T-connections and (G, T)-projective 
modules described in Theorem 13.31 the following theorem, which is the main result of 
this section, justifies the use of the term “T-connection” in Definition 13.41 

Note that, for an entwined extension H C A in a bijective right entwining structure 
(A,G,and a subalgebra T of B, A®A is a right entwined module for 
with the coaction A®q^ and a left entwined module for _r(A, G, "0”^) with the coaction 
^q®A^ where is related to as in fl2.5p . and with obvious A-multiplications. 

Theorem 3.7. Let {A,C,'ijj)fi be a bijective right entwining structure over R and let 
B C A be an entwined extension. LetT be a k-subalgebra of B. Consider the following 
statements. 

(a) There exists a strong T-connection in (A,G, 

(b) {A®C)^ is a Galois A-coring and A is a {C,T)-projective left B-module. 

(c) (G0A)^-i is a Galois A-coring and A is a {C,T)-projective right B-module. 
Then 

(1) The statement (b) implies (a). 

(2) The statement (c) implies (a). 

(3) If the obvious inclusion 

B®A “^(AGA), 

is an isomorphism, then (a) implies (b). 

(4) If the obvious inclusion 

A®B (A0A)“^, 

is an isomorphism, then (a) implies (c). 

Proof. (1) We show that if (A®G),i is a Galois A-coring, then there exists a strong 

R 

H-connection in the bijective right entwining structure {A,C,'ip)ji. Then the claim 
follows by Lemma [3.51 

If (A®G)p is a Galois A-coring, then there exists an A-coring inverse canjj^ of the 
canonical map can a ■ A0A —»• A®G, a®a' i—^ ag^(a'). Let 

B R B ^ \ / 

ci7 : G —*• A®A, c H->• canjj^(1^0c), 

be the translation map and write zu{c) = ^ cl^®(f3\ Since canjj^ is a coring map, it is, 
in particular, a morphism of right (A0G)i/,-comodules, hence of right G-comodules. 


h®a I— h®a, 

T T 


a®b I—>■ a®b, 

T T ‘ 
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Therefore, also tu is a morphism of right C'-comodules. Furthermore, can^^ is a 
morphism of left A-modules. Since A is an i?-ring, this implies that tn is a left R- 
module map. To exploit further the A-coring map property of can^^, start from the 
equality 

^can;^^(U|c(i))0can^^(lA(|c(2)) = ^ cW<|)lAf 

and apply o (canA®^®^) to arrive at the left C-colinearity of vu (note 

that the left C-coaction is right i?-linear). Thus cn is a strong 5-connection, hence 
Lemma [3.51 implies that there is a strong T-connection in {A,C,'ijj)ii. 

(3) Let £t ■ C ^ be a strong T-connection. For all c G C, write £t{c) = 

and dehne 

(Jt-. A^ A®A, a ^ ^a[o]^T(a[i]) = ^ a[o]a[i](b(g)aj^j( 2 )_ 

For all a G A, 


{^q®A) o aT^a) 


^^^p(a[o]a[i](b)(8)a[i](2) 

y^^~^(Q[o]®Qfi]‘~^Vi))Qfi](^)(o)®Qfi](^) 

®a[i] (1) )a[i] ( 2 ) (8)a[i] ( 2 ) 

y^'0~^(a[o][o]fa[o][i])a[i]b)(8)a[i](^) 

= VlA)crr(a), 


where the second equality follows by the fact that A is a left entwined module and 
the third one follows by the left colinearity of £t- The penultimate equality is a 
consequence of the right A-linearity of the right coaction o of the A-coring 
{C®A)^-i on A. Thus, for all a E A, crr(a) is a coinvariant of the left {A®C)^- 
comodule A®A^ hence, 

(Tt A —> B®A. 

T 

Since £t is a right C-colinear map, so is (Tt- Furthermore, (Tt is a left 5-hnear map, 
as, by the dehnition of B, g^ is a left 5-linear map. The splitting property of £t, 
canr('^T(c)) = 1 a®c, implies that, for all cE C, = 1a£c(c), hence 

R 


^ a[o]a[i]^baj^j(2) ^ ^ a[o]ec(a[i]) = «• 


Thus we conclude that ax is a left 5-linear right C-colinear section of the multiplica¬ 
tion map B®A —>• A. 

It remains to show that the right canonical map canA is an isomorphism of k- 
modules. To this end we study hrst the properties of the lifted canonical map 
cahj’. Since A is a left entwined module for the left entwining structure r{A,C,'iIj 
with the coaction fl2.5p . A®A is a left (A®C').i/,-comodule with the coaction a®a' 1 —^ 

alA[o]®lA[i]®a'. On the other hand, A®C is a left (y4®0)^-comodule via the regu¬ 
lar coaction (the coproduct), a®c h-^ Y a®C(i)®lA®C( 2 ). Dehne a left A-module map 
(hence also a left i?-module map, as A is an i?-ring) 
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Since the lifted canonical map can-p is left A-linear and, for all c G C, canr(f' 7 ’(c)) = 
1^0c, one immediately finds that a is a section of cah'r. We claim that a is a left 
(yl0C)i/,-comodule map. In view of the dehnitions of a, the (y4{8)C)^-coactions and 
the right action of A on this is equivalent to that statement that for all 

Cl G -A, c G C^ 

Using the left U-colinearity of It and the form (12.51) of the left C-coaction we can 
compute 

as required. Thus k is a left (y4®C')^-comodule section of cafiT. Finally note that 

A{8)A) ~ ~ = BfA, 

where the last equality follows by assumption (3). Hence, the T-module version of 
m Theorem 4.4] adapted to this situation in Remark 13.61 implies that {A<^C)^ is a 
Galois coring. 

Assertions (2) and (4) follow by the left-right symmetry. □ 

The assumptions of part (3) (resp. (4)) in Theorem 13.71 are automatically satished, 
provided A is a flat left (resp. right) T-module. Hence Theorem 13.71 leads to the 
following 

Corollary 3.8. Let {A,C,'ilj)ii be a bijective right entwining structure over R and let 
B C A be an entwined extension. Let T be a k-subalgebra of B. If A is a flat left 
(resp. right) T-module, then the following statements are eguivalent. 

(1) There exists a strong T-connection in {A,C,'if)R. 

(2) (A®C)^ is a Galois A-coring and A is a {C,T)-projective left (resp. right) B- 
module. 

Repeating the arguments in uni Theorem 4.3] one proves also 

Corollary 3.9. Let {A,C,fj)R be a bijective right entwining structure over R and let 
B C A be an entwined extension. Let T be a k-subalgebra of B. Suppose that 

(a) There exists a strong T-connection in {A,C,'iIj)r; 

(b) A is a flat left (resp. right) B-module; 

(c) A is a faithfully flat left (resp. right) T-module. 

Then A is a faithfully flat left (resp. right) B-module. 

Note that if A is a projective left (resp. right) T-module, then, in view of The¬ 
orem 13.71 (3) (resp. (4)), the assumption (a) in Corollary 13.91 implies that A is a 
projective (hence in particular flat) left (resp. right) R-module. 

We conclude this section by constructing strong connections in some examples. 











18 


GABRIELLA BOHM AND TOMASZ BRZEZINSKI 


Example 3.10. Consider an entwining structnre {A,C,'ijj)B constructed in Exam¬ 
ple 12.31 Assume that A is faithfully flat as a left 5-module and that the canonical left 
entwining map xfjcan is bijective, hence (A, C, '0)^ is a bijective entwining structure by 
Remark 12.41 (1). The canonical inclusion map 

Ir-. C ^ A0A, a*(8)a* i-^ a*{8)a* 

i i 

is a strong i?-connection. In particular, by Corollary 13.81 if A is a flat left or right 
5-module, then (A0C)^ is a Galois coring. 

Let T be a fc-subalgebra of R. If A is a (C, T)-projective left 5-module, then, by 
Lemma [3.51 a strong T-connection in (A, C, 'ijj)R can be constructed in terms of a left 
5-linear, right C-colinear section ctt '■ A ^ of fho 5-multiplication map, 

A0A, y2 ^ (^^(a*)). 

i i 

In particular, if 5 is a separable fc-algebra and : A —determined by a 
separability idempotent then the strong ^-connection comes out as 

= X]a*?7A(ez)(8)r7A(/z) ah 
i i,l 

Example 3.11. Let 5 be a Hopf algebroid as in Example 12.51 (2). Let A be a right 
5-comodule algebra (cf. Example 12.51 (2)), and let B be the 5ij-coinvariants of A. 
The extension 5 C A is called a cleft R-extension if 

(a) In addition to being an 5-ring (with unit morphism tir), A is also an 5-ring 
(with unit morphism 7]r) such that B is an 5-subring of A. 

(b) There exists a left 5-hnear right 5R-cohnear map j ■. H ^ A that is convolution 
invertible in the sense that there exists a left 5-linear right 5-hnear map j : 5 —> 
A such that 

5a o (i<f j) o 7 r = hi ° ttl, 5a o (if i) o 7 l = ° t^r- 

It turns out that the 5-cleft property of an extension 5 C A is sufficient and necessary 
for the coring (A05)^, corresponding to the entwining structure in Example 12.51 (1), 
to be a Galois A-coring and A to be isomorphic to 5f 5 both as left 5-modules and 
as right 5R-comodules (normal basis property). 

Let 5 C A be a cleft extension for a Hopf algebroid 5 = (5 l, 5_r, S). Suppose that 
the antipode S is bijective, hence there exists a bijective right entwining structure 
{A,Rr,'iIj)r over 5 as in Example 12.51 (1-2). Since {A®H)^ is a Galois A-coring, 
Theorem 13.71 (1) implies that a sufficient condition for the existence of a strong T- 
connection in {A,Hr,'iI!)r for a fc-subalgebra T of 5 is the (5i{, T)-projectivity of 
the left 5-module A. For an 5-cleft extension B A, there is an isomorphism of 
/c-modules 

Hom))^'^(A, 50A) ~ HomL_i(5, 505), 

hence sections of the 5-multiphcation map B®A —A in are in bijective 

correspondence with 5-5 bimodule maps fx '■ H ^ 505, such that It = 

In terms of /t, a strong T-connection, given by formula fl3.1l) . is 

(3.2) ir := (5Af 5a) o {j®fT®j) ° o 
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In particular, an L-L biniodule map B<^B, satisfying ° fi = Vl ° t^l 

is given by 

h ^ 'nL{'KL{,h))®lB = iB^VLiT^dh)) . 

The resulting strong L-connection is = {j®j) o 7 l. 

If L is a separable fc-algebra, then any separability idempotent determines 

a strong ^-connection via f{h) := J2iVL{'^L{h)ei)'^riB{fi) for h E H. 

Example 3.12. Let i? C A be a depth 2 balanced extension of /c-algebras. The 
A-coring A®{A®A)^ and the T-coring Ends^s( 74 ) 0 T, corresponding to the bijective 
entwining structures in Example 12.51 (3). were shown to be Galois corings in [26], |27j . 

Let T be a subalgebra of B such that A is a T-relative projective left i?-module. 
Then it follows by Proposition 13.21 and Theorem 13.71 (1) that if i? is a separable k- 
algebra and {A'^A)^ and EndB,B(^) are coseparable i?-corings, respectively, then 
there exist strong fc-connections in the bijective entwining structures in Example 12.51 
(3). As it turns out, (A®A)*® is a coseparable i7-coring if the D 2 extension i? C A is 
split and Ends,s (A) is coseparable if the extension 5 C A is separable. 

Motivated by forthcoming Example 15.71 we focus on the case when the depth 2 
balanced extension i? C A is also a Frobenius extension. In this case (A®A)^ is 
coseparable if and only if the D2 Frobenius extension i? C A is split, and EndB,B(A) 
is coseparable if and only if the D 2 Frobenius extension i? C A is separable. Since 
in the latter case A°^ C S (where the inclusion is given by the left multiplication) 
is a D2 Frobenius split extension and the bialgebroids {£and EndB,B(A) are 
anti-isomorphic, we consider the split case only. Fix 

(a) a Frobenius system {a;, for the extension B C A; 

(b) a right D2 quasi-basis { 7 ^, m^c'^m}jej for the extension B A ] 

(c) a B-B bilinear splitting (p of the extension B C A; 

(d) a separability idempotent for the fc-algebra R. 

A strong /c-connection is explicitly constructed as the map 

(A<|)A)^ ^ A< 8 )A, a<^a'^ ^ au{'jj{a')eiUk)<^(p{vkfic’m)c'^m- 

ieL,keK,jeJ,meMj 


4. The relative injectivity and grouplike elements 

In this section we derive conditions for an entwined extension to be a relative 
injective G-comodule. We begin with the following simple generalisation of [531 Re¬ 
mark 4.2]. 

Proposition 4.1. Let {A,C,'ijj)B be a bijective right entwining structure over R and 
let B O A be an entwined extension such that (A^C*)^ is a Galois A-coring. If the 
extension B C A splits as a right (resp. left) B-module, then A is a relative injective 
right (resp. left) C-comodule. 

Proof. Since the right G-coaction on A is left i?-linear, the assumption that i? is a 
direct summand of A as a right i?-module implies that A ~ B®A is a direct summand 
of A® A as a right G-comodule. By the Galois property. A® A is isomorphic to A<^G, 
in particular as a right G-comodule, hence A is a direct summand of the relative 
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injective right C'-comodule A®C. Therefore, it is a relative injective C'-comodule. 
The left-sided claim is proven analogously using the left-right symmetry of bijective 
entwining structures. □ 

The assumptions of Proposition 14.11 take a particularly natural form in the case of 
entwined extensions given by a grouplike element e G C*. In particular, one can derive 
the following generalisation of Doi’s theorem on total integrals [201 (1.6) Theorem]. 

Proposition 4.2. Let be a bijective right entwining structure over R and 

let e & C be a grouplike element. The right C-comodule A with the coaction given 
by the first of eguations \2. 61) is R-relative injective if and only if there exists a right 
C-comodule map j : C ^ A, such that j{e) = 1^. The left C-comodule with the 
coaction given by the second of eguations H2.6\) is R-relative injective if and only if 
there exists a left C-comodule map j : C ^ A, such that j{e) = 1^. 

Proof. The i?-relative injectivity of the right C'-comodule A is equivalent to the 
existence of a right C-colinear retraction h of the coaction in fl2.6p . see [161 18.18]. 
We show that the fc-module of comodule maps j, such that j(e) = 1a, is a (non-zero) 
direct summand in the /c-module of C-colinear retractions h of g^. 

To any right C-colinear retraction h of g"^ associate the map 

(4.1) j -. C ^ A, c I— h(lA(8)c). 

The map j is right C-colinear by the colinearity of h. Since g^{lA) = Ia^c, j is also 

R 

normalised, as 

i(e) = h{lA®e) = /i(p^(U)) = 1a- 

R 

Conversely, given an e-normalised right C-comodule map j, dehne the map 

(4.2) h = fiA° (j^A) o : A®C — *■ A. 

R R 

The map h is right C-colinear since 

g^oh = g^ o piA^ {j®A) o 

= {pLA®C) o o (p"^(8)yl) o {j®A) o 

R R R R 

= {fVA^C) o o (j®C(8)yl) o (Ac®74) o ^jJ~^ 

R R R R R 

= [piA o (i*^^) ° o (A<8)Ac) = {h®C) o (a10Ac), 

R R R R R 

where the second equality follows by the fact that A is a right entwined module, the 
third one by the right C-colinearity of j, and the penultimate one by the dehnition of 
entwining structures. Since j(e) = 1^, the map 04.21) is a retraction of g^. 

Starting with a normalised C-comodule map j \ C ^ A, and associating hrst the 
map 04.2p to it and then the map 04.11) to the result, we obtain the comodule map 

c ^ HA[{j®A){fi-\lA®c))] = /iA(i(c)f 1 a) = j{c), 

where the first equality follows from the definition of entwining structures. 

Similar arguments apply to left C-comodule A with the coaction "^g in 02.6p . □ 

As an immediate application of the above results, one concludes that in the case of 
a D2 extension B O A in Example 12.51 (3), S = EndB_(A) is an /^-relative injective 
left comodule of EndB^B(^)- Indeed, recall from Example 13.121 that the T-coring 
EndB,B(A)®£^, corresponding to the bijective entwining structure in Example 12.51 131. 
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is a Galois coring. What is more, the extension A°^ C £ is split in the category of left 
yl°P-modules by the map a i—>■ a(lA), hence the relative injectivity of the comodule in 
question follows by Proposition 14.11 (The obvious inclusion EndB,B(A) C EndB_(74) 
is a required left colinear map j as in Proposition 14.21 1 Furthermore, if a D2 extension 
i? C A is split (by a map cp ■. A ^ B, say) in the category of right i?-modules, then 
also A is a relative injective right (A'^Aj'^-comodule (as j = <p®A : {A®A)^ —*■ A is 
a normalised right comodule map). 

The derivation of sufficient conditions for assumptions of Proposition 14.11 is the 
subject of the remainder of the present section. All these conditions turn out to be 
closely related to the existence of strong connections. 

Lemma 4.3. Let {A,C,'iP)r he a bijective right entwining structure over R and let 
B C A be an entwined extension given by a grouplike element e G G. Let T he a 
k-suhalgebra of B. Suppose that A is a flat left (resp. right) T-module and B is a flat 
right (resp. left) T-module. Then 

(1) If there exists a left B-linear, right C-colinear section ax of the multiplication 
map B®A —> A (resp. a right B-linear, left C-colinear section ax of the multi¬ 
plication map A®B A), then (Tt(1a) G B®B (resp. axilA) £ B®B). 

(2) If there exists a strong T-connection ix in {A,C,fli)ii, then ix{e) G B®B. 

Proof. (1) Let ax be a left i?-linear, right G-colinear section of the multiplication 
map B®A — A. By the right G-colinearity of ax and p"^(1a) = lA®e, 

T R 

{B^g^){ax{lA)) = (o’tG’G) (p'^(Ia)) = ax{fA)®e, 

that is, (Tt(1a) ^ {B®AY°^. Since i? is a flat right T-module, {B®AY°^ = B®B, 
hence ^^(Ia) ^ B®B, as required. The claim about ax follows by the left-right 
symmetry of bijective entwining structures. 

(2) Recall from the proof of Theorem 13.71 (3) that, for any strong T-connection 
ix, there exists a section ax G Homjj^(A, T0A) of the multiplication map such 
that £x is related to the translation map w as ix = {A®ax) o vj. Since q^^Ia) = 
lA<8e, the canonical map cauA is normalised so that canA(lA‘^lA) = Then 

the translation map is also normalised, w{e) = canjj^(10e) = 1a® 1a- Therefore, 
Irie) = {A®ax){aj{e)) = crT(lA), which is an element of B®B by (1). □ 

Proposition 4.4. Let {A,C,Y)r be a bijective right entwining structure over R and 
let B T A be an entwined extension given by a grouplike element e G G. Let T be a 
k-suhalgebra of B. Suppose that 

(a) There exists a strong T-connection in {A,C,Y)r; 

(b) A is a flat left (resp. right) T-module; 

(c) B is a flat right (resp. left) T-module; 

(d) B is a direct summand of A as a left (resp. right) T-module. 

Then B is a direct summand of A as a left (resp. right) B-module. 

Proof. Consider the assumptions without parenthesis. By Theorem 13.71 (3), there 
exists a left T-linear section ax of the multiplication map B®A —> A. In terms of 
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aT and a left T-module splitting / of the canonical monomorphism B ^ A, a. left 
5-linear splitting can be constructed as 

0: =/is o (i?(8)/) o (Tt- 

Since 0 is a composite of left i?-linear maps, it is left i?-linear, and it satisfies 

0(1a) = /^s[(-B<|>/)(o't(1a))] = /^a(o‘t(1a)) = 1a, 

where the second equality follows by Lemma [4.31 (1). 

Similarly, if the assumptions in parenthesis hold, a right 5-linear splitting of the 
canonical monomorphism B ^ Ais given by 0 = pe ° o dr, where drr is a right 

i?-linear section of the multiplication map A®B —> A, the existence of which follows 
by Theorem 13.71 (4), and / is a right T-module section of the canonical inclusion. □ 

In case A is a projective left (resp. right) T-module, the (C, T)-projectivity of A as 
a left (resp. right) T-module implies its projectivity. This leads to the following 

Corollary 4.5. Let {A,C,'iP)r he a bijective right entwining structure over R and let 
B C A be an entwined extension given by a grouplike element e G C. Let T be a 
k-subalgebra of B. Suppose that 

(a) there exists a strong T-connection in {A,C,'if)R; 

(b) A is a projective left (resp. right) T-module; 

(c) B is a flat right (resp. left) T-module; 

(d) B is a direct summand of A as a left (resp. right) T-module. 

Then A is faithfully flat as a left (resp. right) B-module. 

Proof. By Corollary 13.81 A is a T-relative projective left (resp. right) T-module, 
hence it is projective as left (resp. right) T-module by assumption (b). By Proposi¬ 
tion 14.41 T is a direct summand of A as a left (resp. right) T-module. Then A is a 
generator in (resp. M^), which implies the claim. □ 

Corollary 4.6. Let {A,C,'ijj)R be a bijective right entwining structure over R and let 
B C A be an entwined extension given by a grouplike element e G C. Let T be a 
k-subalgebra of B. Suppose that 

(a) there exists a strong T-connection in {A,C,'if)R; 

(b) A is aflat left (resp. right) T-module; 

(c) B is a flat right (resp. left) T-module; 

(d) B is a direct summand of A as a left (resp. right) T-module. 

Then A is R-relative injective as a left (resp. right) C-comodule. 

Proof. By Proposition 14.41 T is a direct summand of A as a left (resp. right) 
T-module and by Corollary 13.81 {A<^C)^ is a Galois A-coring. Hence the assertion 
follows by Proposition 14.11 □ 

5. The relative Chern-Galois character. Associated modules 

The aim of this section is, given an entwined extension T C A with a strong T- 
connection, to associate an Abelian group map from the Grothendieck group of a 
coring to the even T-relative cyclic homology of T. A family of such maps is called a 
relative Chern-Galois character. 
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The Grothendieck group Kq{C) of an i?-coring C is defined as the Abelian group 
of equivalence classes of left (or right) G-comodules that are hnitely generated and 
projective as -R-modules. The addition is induced from direct sum of such comodules. 

The following lemma shows that - just as one can associate an idempotent matrix of 
elements of i? to a hnitely generated and projective module of an algebra B - hnitely 
generated and projective comodules of a coring C can be characterised in terms of a 
‘coidempotent’ matrix of elements of C. 

Lemma 5.1. Let W he a left comodule of an R-coring C and suppose that W is a 
finitely generated and projective R-module. Let w = {wi G IT, Xi £ be a finite 

dual basis ofW. Define 

eij = {C®Xj) ^Q{wi)\ = i,j G I. 

Then, for all i,j G I, 

(1) ^Q{Wi) = 

(2) Cij = '^k^iXk{wi)ekj = ^ikXji'^k)] 

(3) Aci^Cij) = 

Proof. (1) By the dual basis property, 

j&i j&i 

(2) Since the coaction is left i?-linear, we can compute 

^giwi) = ^^gixkiwi)wk) = ^Xkiwi)wk{-i)^Wk(o), 

k&I k&I 

where the hrst equality follows by the dual basis property. Apply C®Xj fo obtain the 
hrst assertion. The equality cp = ^ikXji'^k) follows by (1). 

(3) The coassociativity of and property (1) imply that 

Ac{eik)^Wk = eik®eki®wi. 
kel k,l 

Apply C®C®Xjy use the i?-hnearity of Ac and (2) to obtain the assertion. □ 

R R 

In fact Lemma l^m has a converse, which allows one to reconstruct a left G-comodule 
W that is hnitely generated and projective as an i?-module from a hnite matrix 
e = {eij)ij^j of elements in C such that Ac(ejj) = Ylik&i^ik®^kj- Indeed, the counit 
property implies that the matrix p = {pp = £c(eii))ijGi is an idempotent matrix, 
hence W = is a hnitely generated and projective left i?-module. The left C- 

coaction : W C®W is then dehned by 

R 

^ P^ik^iPkj)jei - 

i,k^I iGl 

Thus, rather than specifying a left G-comodule IT, we can equally well specify a matrix 
of elements in C that satisfy conditions of Lemma [5.11 (3). Note further that such a 
matrix also determines a right G-comodule that is hnitely generated and projective as 
a right i?-module. This rehects the duality between hnitely generated and projective 
left and right comodules. 
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Definition 5.2. Let (A, (7, be a bijective right entwining structure over R and 
let -B C A be an entwined extension. Let T be a fc-subalgebra of B. Define the map 

VT : AI\A,T] ^ (A<SC)tl\(A<SC)t,T], 

as the projection of the T-T-bimodule map 

A —> o I—> — ®l[o]®l[i]' 

Note that, for all b & B, dt([&]) = 0. 

We say that the entwined extension B O A is T-flat if B and A are flat as left and 
right T-modules and the map 

(5.1) B/[B,T]^keTVT, [b] ^ [b], 

is an isomorphism. 


If T = fc, then the map fl5.1l) is always an isomorphism. Hence, in this case, B A 
is T-flat, provided A and B are flat T-modules. More generally, the map fl5.1l) is an 
isomorphism if the functor 

tMt ^ Mfc, M^Mj [M, T], 
preserves monies (e.g. if T is a separable /c-algebra). 


Lemma 5.3. Let {A,C,fl!)R be a bijective right entwining structure over R and let 
B ^ A he an entwined extension. Let T be a k-subalgebra of B such that A is a flat 
left and right T-module. For any strong T-connection It '■ C ^ 

write iric) = for all c & C. Then 

^£t(C(i))^t(C( 2)) = ^C(i)b)(8)C(i)(^)c(2)^^^fC(2)^^^ G A®B®A. 


Proof. Since T is a /c-subalgebra of B and i? is a fc-subalgebra of A, the coaction 
H —>■ being left T-linear is left T-linear and being right H-linear is right 

T-linear. Compute, for all c G C, 




C(1) b) ^C(I) (2) [0] V' (C(l) [1] f C(2) ) f C(2) 

^ C(i) b) |c(i) V (C(2) f C(3) b)) 00(3) (2) 

Y1 f V(C(2) (-1) <f C(2) (0)) f C(2) 

^(b C(l) 1 a[ 0] f 1 a[ 1] f C(2) , 


where the hrst equality follows by the fact that H is a right entwined module, the 
second and the third equalities follow by the C-colinearity of It, and the hnal equality 
is a consequence of the dehnition fl2.5l) of the left C-coaction on A. Since A is flat as 
a left and as a right T-module, the assertion follows. □ 


Theorem 5.4. Let {A^C^'if)^ he a bijective right entwining structure over R and let 
B C A be a T-flat entwined extension. Suppose that there exists a strong T-connection 
ir ■ C ^ A®A in {A.,C.,iI))r, and write £t{c) = For any finite matrix 
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e = {eij)ij^j of elements of C such that Ac{eij) = o,nd for any non¬ 

negative integer n, define the following element of the circular tensor product 


_ _ 'j' 

(®) 'y ^ ^*1*2^ ^■^T(Ci2*3)'^T(Ci3i4) ■ ■ ■ 

^1 V i^n+l 


Then there is a family of maps of Abelian groups 

2n .. 

chgj. : K„{C) ^ HC2n{B\T), |H^] « |0(-l)W^J_Ti, (e)], 

where e corresponds to a left C-comodule W as in Lemma \5.1\ and [xj is the integer 
value of X. The family chg^„ is termed a relative Chern-Galois character of the T-flat 
(A, G,'0)R-entwined extension B 'O A with a strong T-connection It- 

Proof. Lemma [5.31 together with the assumption that i? C A is a T-flat extension 

implies that, for all n G N, chg^(e) E Repeating the same steps as in the 

proof of Lemma 15731 one hnds that ~ Since B C A is a T-flat 

-—T 

extension, this implies that chgg (e) E B/[B,T]. 

As It is a strong T-connection, = pa{£c{c)). Note further that the 

^—T 

chg„(e) are invariant under the cyclic operator (modulo sign). These two facts allow 
one to derive the following relations (cf. Section 12.51 for the dehnitions of the maps 


involved): 


^n(chgje)) = (n + l)chgje). 

-- T - - ' 

^n(chg„(e)) = chg^ 

if n is even, and 


-- T - -T 

'9Uchg„(e)) = chg„_i(e). 

-- T - -T 

r„(chg„(e)) = 2chg„( 


if n is odd (and 0 otherwise). These relations imply in turn that, for any non-negative 

__ 'J' 

integer n, (®) ^ cycle in the T-relative cyclic complex of B. 

- - T 

Next we prove that the chg„(e) do not depend on the choice of a dual basis. In 
addition to a basis w = {wi E W^Xi ^ that leads to the matrix e, take 

a different dual basis w = {wk ^ hh, Xa: ^ *hL}fcg 7 , and let e = {eki)j^i^j be as in 
Lemma [5.11 corresponding to basis w. Then, for all i E I, 

y^^eir®Wi' = '^giwi) = ^ ^^(Xfc(wi)h^fc) = Xk{wi)eki®wi. 

k£l k,leT 


Applying C'^Xj and using Lemma [5T] (2), we obtain, for all i,j E /, 

R 

^ij y ^ Xk(.'^i)^klXji.^l) ■ 

k,l£l 
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With this relation between the 6*^ and the e^i at hand, and using the fact that a 
strong T-connection is both left and right i?-linear we can compute, for all i,j G /, 

^£T(eip)^r( ^pj) ~ E Xk {Wi)hl f Cm Xp {wl)Xm {Wp)emq^^^ fCmgXj {Wq) 

p£l,k,l,m,qel 

k,l,m,qGl 

where the second equality follows by the dual basis property. Using the left i?-linearity 
of ir and Lemma [5.11 (2) for the Cki, this can be rewritten further as 

fipj) E Xk{Wi)iT{hl)^T{Xm{Wl)e„iq)Xj{Wq) 

k^l,m,q£l 

= XkiWi)iTihl)iTieiq)XjiWq). 

k^l^qGl 

Using this equality sufficiently many times we obtain, for all n G N, 

__ 'j' 

^1 V • • !^n+l 

. - T 

= chg„(e), 

where we used the dual basis property, the right i?-linearity of It and Lemma ISTTl 12). 
Similarly, for the zeroth component, 

chgo (e) = [ ^jk^^^Xi{wk)Xj{wi)ejk^^'>] = ejk^^'^Xj{wk)ejk^^^] = chgp (e), 

i£l,j,k&I j,kGl 

where the last equality follows by the i?-hnearity of ix and by Lemma [5. II (2). Thus 

.- T 

we conclude that the chg„ (e) do not depend on the choice of a dual basis of W. 

Suppose that there is a left U-comodule isomorphism tp -.W ^ W . As the chg^ (e) 
do not depend on the choice of a dual basis, we can choose the dual basis {wi = 
(p{wi) eW,Xi = Xi° e *W }ig7 in W. Then 

= = Cp- 

-- T ^ 

The second equality follows by the left colinearity of ip. Thus the components chg^ (e) 
of the relative Chern-Galois cycle for the matrix e corresponding to W coincide with 

chg„(e). All this proves that the maps chg 2 „ are well-defined. To prove that these 
are group morphisms, note that if fU = © W^, then the matrix e = (eij)ij^i is 

a direct sum e = of corresponding matrices for and W^. The explicit 

.-T 

form of the relative Chern-Galois cycle then immediately implies that chg„(e) = 

-- J' -- 7 " 

chgn(e^)+chgn(e^), hence chg^„([lU^©lU2]) = chg 2 „([lU^])+chg 2 ,,([lU 2 ]), as required. 

□ 
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In case T = k, the components of the relative Chern-Galois characters are denoted 
by chg„ and chg 2 „. We now describe Chern-Galois characters for examples of entwined 
extensions constructed in Section [3l 

Example 5.5. Consider a strong T-connection It in a bijective entwining structure 
{A, C, 'iP)b described in Example 13.lOi Assume that the extension A™*" C A is T-flat. 
Let e = {eij)ij^j be a hnite matrix of elements of C such that the condition (3) in 
Lemma Em is satished. Write := mmeM- and cTr(a) = 

for the components of a left i?-linear, right G-colinear section of the /^-multiplication 
map R'^A —*■ A that dehnes £t- Then 

~ (m„+i){2} 

Wl2n+l*l )l 

where summation is over the indices: ii,, in+i G /, mi e , m„+i G 

and over the components of the map ctt. 

In particular, if i? is a separable /c-algebra and the strong ^-connection £ is induced 
by a separability idempotent then 

chg„(e) = ^ VAifh)ai,i^ 

VA{fi2)ai^i3 ® 

VA ( fi^+,)K+ih ^ aiii2 (ezJ, 

where summation is over the indices: ii,..., in+i G /, mi G . .., rrin+i G 

and /i,.. . ,/n+i G L. 

Example 5.6. Let 7/ be a Hopf algebroid with a bijective antipode and let i? C A 
be a cleft 7Y-extension as in Example 13.111 Suppose that there exists a strong T- 
connection fl3.2p in the bijective entwining structure in Example 12.51 11-2) and assume 
that the extension i? C A is T-flat. 

Let e = (ejj)ijg 7 be a hnite matrix of elements of H such that the condition (3) 
in Lemma Em is satished for the coproduct of the right bialgebroid in H, and set 
c: = mie/Gi- For a map Jt in Example 13.111 write frih) = Then 

chgl(e) = m C(n+3-p^^^C(„+4-t)^^^f • • • f C(„+i)( 2 )c(„+ 2 )^^)f 

C(n+2)^^^j(C(n+3))i(C(l))C(2)^^^f C(2)^^^C(3)F)| . . . |c(„+2-p C(„+3_p F), 

for any f = l,...,n-|-l, where Yh C(i)® • • • ®Cin+ 3 ) stands for the action of the coprod¬ 
uct iterated n -|- 2 times on c. 

In the particular example of £l = {j®j) ° 7l we obtain 

clig„(e) = • ■ ■ f Ia® j(c(2))i(c(i))f Ia® ■ ■ ■ f Ia- 

In contrast to cleft Hopf algebra extensions, cleft Hopf algebroid extensions provide 
non-trivial relative Ghern-Galois characters. 
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Example 5.7. Let i? C ^4 be a balanced depth 2 split Frobenius extension of k- 
algebras such that the commutant i? of 5 in A is a separable fc-algebra. Suppose that 
A is a flat /c-module. Let hF be a left comodule for the right bialgebroid {A®A)^ 
that is hnitely generated and projective as a left i?-module and let e = (eij)jje/ be 
the corresponding matrix of elements of {A®A)^ (cf. Lemma [5.ip . Take a hnite dual 
basis w = {wi G IF, x* G and introduce the element 

^ Xq®x'q : = ^((Al(|)Al)^|x*) ^Q{wi) = ^ eu 

q iai iai 

of (^40^4)^. Fix the data as in (a)-(d) of Example I3.12[ By Lemma 15.11 (3) and 
the form of the coproduct in the bialgebroid {A®A)^, the following identity holds in 
{A®A)^®{A®A)^. 

^ Kf7iK))f m)®{Xq®-ij{x'q)). 

j£j,m£Mj,q j£j,m£Mj,q 

Hence, substituting the strong connection in Example 13.121 in the dehnition of the 
(/c-relative) Chern-Galois cycle of e in Theorem 15.41 its components come out as 
chgo(e) = 'EkeK,ieL,qV^i^kfiXq)u{x'qeiUk) and, for n G N, 

chg„(e) = ^ ((S)p=i 

® ^{VktfltXq)u^{'yjt{x'q) Glt+i'^kt+i) 

((S)pi+i 

for any t = 1,...,?7, + 1, where the indices of k and I are understood modulo n +1 and 
the indices of j and m are understood modulo n. The summation is over the indices: 
fci, ..., kn+i G JF, h, ..., In+i e L, ji, ..., G J, mi G Mjj, ..., G and q. 

Noting that HCq{B) = B/[B,B], and using the above explicit expression for the 
components of the relative Chern-Galois cycle, one immediately hnds that the ze¬ 
roth component of the relative Chern-Galois character has the following simple form 
chgo(e) = Egb(^>g)] e B/[B,B]. 

The relative Chern-Galois character dehned in Theorem 15.41 is ‘relative’, because it 
depends on T and also on the choice of a strong connection. The rest of this section 
is devoted to Ending sufficient conditions for chgf to be independent of ix- The basic 
idea for this is to associate a finitely generated and projective H-module to a given 
entwined extension and a comodule, and then to reveal a connection between the 
relative Chern-Galois character and the relative Chern character of B. 

Note that, given an entwined extension i? C H in a right entwining structure 
(H, G, 'iP)r, and a left G-comodule hF, the cotensor product AO^W is a left H-module 
with the natural product b® Ei (^i®Wi ^ Ei bai®Wi. We will study when this module 
is (relatively) projective. 

Theorem 5.8. Let {A,C,'ijj)R be a bijective right entwining structure over R and let 
B C A be an entwined extension. Let T be a k-subalgebra of B. Suppose that A is 
a projective right T-module, a flat left T-module and a faithfully flat right B-module. 
If there exists a strong T-connection in {A,C,'iIj)r, then, for any left C-comodule W 
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that is finitely generated as a left R-module, T = AUqW, is a finitely generated and 
T-relative projective left B-module. 

Proof. First we show that F is a hnitely generated left i?-module. Since A is 
a flat right 5-module, there is an isomorphism of left A-modules, A®{AncA^) — 
{A<^A)OqW. In view of the flatness of A as a left or as a right T-module, the canonical 
map can^ : A<^A —> A®C is an isomorphism of right C-comodules by Corollary 13.81 
Since — DchF : M'" —> is a covariant functor (cf. [121 21.3]), the map csluaOcW 

is an isomorphism, so that the above isomorphism can be extended to 

A<^{AncW) ~ {A®A)ncW ~ {A®C)ncW. 

Finally, note that {A®C)'Oi(jW ~ A®W (cf. [121 21.4-5]), hence there is an isomor- 

R R 

phism of left A-modules 

A®F ~ A®W. 

B R 

Since hF is a hnitely generated left i?-module, A®W is a hnitely generated left A- 

R 

module, hence also A^F is a hnitely generated left A-module. Since A is a faithfully 
hat right 5-module, [21 Ch. 1§3 Prop. 11] implies that F is a hnitely generated left 
5-module. 

Since A is a projective right T-module by assumption and a (C, T)-projective right 
5-module by Theorem 13. 71 14). it follows that A is a projective right 5-module. As it is 
also a faithfully hat right 5-module, the right regular 5-module is a direct summand 
of A (cf. [2n 2.11.29]). In particular the right T-moduIe 5 is a direct summand of 
the hat T-moduIe A, hence also 5 is a hat right T-moduIe. 

Since all the assumptions of Theorem 13.71 (3) are satished, there exists a left 5- 
module right C-comodule section ctt : A —>• B®A of the product, and we can dehne 
the left 5-module map 

a = arOcW : F = AUcW {B®A)ncW ~ B®{AncW) = B®T. 

The last isomorphism follows by the hatness of 5 as a right T-module. The map a 
clearly is a section of the 5-multiphcation in F (as ctt is a section of the multiplication 
map B®A —> A), hence F is a T-relative projective left 5-module. □ 

Remark 5.9. In view of Corollary 13.91 the assumption of Theorem 15.81 that A is a 
faithfully hat right 5-module is satished provided A is a faithfully hat right T-module. 
Furthermore, if the C-coaction on A is given by a grouplike element e G C, then A is a 
faithfully hat right 5-module provided 5 is a hat left T-module and a right T-module 
direct summand of A by Corollary 14.51 (These assumptions hold e.g. in Example 15.7p . 
Obviously, all these assumptions are satished in case T is equal to a ground held k. 

In relation to the Chern-Galois character, the case of a comodule W that is not only 
hnitely generated but also projective as a left 5-module is of particular interest. In 
this case, the 5-moduIe F is projective under weakened assumptions on the T-moduIe 
A and the explicit form of an idempotent can be worked out. 

Recall from [32] (cf. [121 42.10]) that a right T-module M is called a locally projective 
module if every hnitely generated submodule of M is projective, i.e. if, for any hnitely 
generated submodule X of M, there exist elements xi,..., Xn G M and .^i,..., G 
M* such that, for all x G X, x = In particular, any locally projective 

module is a hat module (cf. [121 42.11]). The following theorem gives an explicit 
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form of an idempotent for T and thus asserts that F is a hnitely generated projective 
fi-module. 

Theorem 5.10. Let be a bijective right entwining structure over R and 

let B A be an entwined extension. Let T be a k-subalgebra of B and suppose that 
the extension B A splits as a B-T bimodule. Suppose furthermore that A is a 
locally projective right T-module, a flat left T-module and that there exists a strong 
T-connection It ■ C —> A^A in {A,C,fi)R. Let W be a left C-comodule that is finitely 
generated and projective as a left R-module with a finite dual basis w = {wi G IF, x* G 
*WUj, and let Cij E C be as in Lemma \571\ Let X be a right T-submodule of A finitely 
generated by i,j G I, where Choose a finite set 

X = {xp E A,f,p E Hom_r(A, T)}pep such that, for all x E X, x = Jfp^p Xpfp{x), and 
define the family of right C-comodule maps 

ip = {fp®A)olp-.C ^A, PEP. 

Choose a B-T bimodule retraction f -. A ^ B of the inclusion BOA and define the 
finite matrix of elements in B, 

E — {.C[i^p)^[j^q)){i^p)^[j^q)£lxP) — fi^^pipij^Xq). 

The matrix E is an idempotent and the left B-module V = AOqW is isomorphic to 
5dxP)E, 


Remark 5.11. In view of Corollary 13.91 in the case when T is equal to the ground ring 
k, the assumptions of Theorem 15.101 that A is a locally projective fc-module and B is 
a direct summand in A as a left i3-module are satished provided A is a faithfully flat 
and projective fc-module. Furthermore, by Proposition 14.41 if the C-coaction in A is 
given by a grouplike element e E C and A is a locally projective fc-module, then B is 
a direct summand in A as a left i?-module provided B is a. fc-direct summand of A. 
Obviously, all these assumptions are satished in case A; is a held. 

The assumptions of Theorem 15.101 hold in Example 15.71 provided that A is a locally 
projective /c-module. 

Note also that if, in addition to the assumptions of Theorem 15.101 the map fl5.1l) is 
an epimorphism, then B O A is a T-hat extension. 

The proof of the theorem uses the following lemma formulated within the notation 
and assumptions of Theorem 15.101 

Lemma 5.12. For all i E I and p E P, let 'yip = (-p{Oj)®Wj E A®W. Then 

(1) Hv e T; 

'^j&i,qeP ~ Tp- 

Proof. (1) This is proven by the following explicit computation 

ri H. 

j,k&I 

= 52 52 = (Al|)^p)(7ip), 
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where the first equality follows by the left T-linearity of and the second equality 
follows by the right C-colinearity of the strong T-connection and by Lemma [5TT] 131. 
(2) By the definition of the set x, for all c ^ C, 


(5.2) 


Compute 


'^Xp^ipic) =£ t ( c ). 

peP 


j&I,qeP 


j,k&l,q£P 

^P(ep- )(j){eij<^Wk 

j,kel 

^P(ep- ejk^"^^ <^Wk 

j,k&I 

^ ^ ^pifiik^ 7*p) 

k&I 


where the second equality follows by the T-T bilinearity of 0 and fl5.2p . The third 
equality follows by Lemma 15.11 (3) combined with Lemma 15.31 and the fact that (j) 
restricted to B is the identity map. The penultimate equality is a direct consequence 
of the definition of a strong T-connection (cf. proof of Theorem 13.71) . □ 


Proof of Theorem 15.101 We first show that E is an idempotent matrix. This is 
proven by the following direct computation, for alH, A; G / and p, r G P, 


j€l,qeP 

^^p{ei/^^)(j){(j){ei/'^^ejk^^^)ejk^^^Xr) 
j&i 

^ ^ ff^{i,p)(k,r)i 

16/ 

where the second equality follows by the T-T bilinearity of 0 and fl5.2p . the third 
one is a consequence of the left P-linearity of 0. The fourth equality follows by 
Lemma 15.11 (3) combined with Lemma 15.31 and the fact that 0 restricted to B is the 
identity map, and the final eqnality is a consequence of the definition of a strong 
T-connection. This concludes the proof that E is an idempotent matrix. 

Consider the left P-module map 

0 ; ^ T, 

( y^ ^*p-^(*>p)(i,9)) (j,g)g/xp yy ^*p-^(tp)(1,9)719 = yy ^^ipiip-, 

ieI,peP ijGl ,p,q£P i€l,p£P 


yy -^(*,p)(i,9)-^(i,9)(fe,»’) 

jei,qeP 


where the last equality follows by Lemma 15.121 (2). The map 0 has its range in 
T by Lemma 15.121 (1). We first show that 0 is an injective map. Suppose that 
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Y.iGi,pep^iplip = 0- This implies that, for all j e I, 

0 ^ ^ (^fc) ^ ^ (^A:)) ^ ^ ^ip^pi^^ij') y 

i^k£l ^pGP i,kGiI ipSP iGl,p£P 

where we used that ip is a right C-comodule map, hence a right -R-module map, and 
Lemma Ism f2h Thus, in particular, for all j G / and q E P, 'Piei p&p^ip^pi^ij)^q — 0; 
hence, as cj) is left i?-linear, 

0 ^ ^ bip(f>(^ip(^CipXq^ ^ ^ ^ipP(i,p)(j,q)- 

iei,peP iei,peP 

Therefore, 0 is a left -B-module monomorphism. To prove that 0 is an epimorphism 
we hrst take any ^ T and compute 

^ a'^Xi{v"’)xp®ip{eik)<^Wk = ^ a’"xi(n”)£T(eifc)®Wfc 

i,k£l ,p£P^n i^kGl^n 

= ^a'"iTiXi{v"')eik)®Wk = ^ a'^iTi{Xi{v'')wi)(-i))®{xi{v"')wi){o) 

i,kGl,n iGl,n 

n n 

where the hrst equality follows by 05.21) . the second by the i?-hnearity of ix and 
the third by Lemma EH] (!)• Then the dual basis property is used, and hnally, the 
fact that is in the cotensor product is employed. Recall from the proof 

of Theorem 13.71 that the map a i—>• HI ®[o]^t(o[i]) G B®A is a section of the product 
B®A —> A, so that, applying (/i^®lT) o [(j)<^A®W) to the equality just derived, we 
obtain 

0(a”XiK)a;p)7ip- 

n i£l ,p£P,n 

This shows that aA®v'^ G Im0, hence 0 is an epimorphism. Therefore, 0 is a 

R 

required isomorphism of left R-modules. □ 


With every hnite idempotent matrix F = {fij) with entries from a T-ring B one 
associates a family of elements in the circular tensor product (cf. Section 12.51) 


(5.3) 


chlfF) = 




'^n'^n + l 






n G N U {0}. Since F is an idempotent and ch^(F) is invariant under the cyclic 
operator (modulo sign), one easily hnds that (^) ^ 2n-cycle 

in the total relative cycle homology complex (cf. the proof that chg 2 „(e) is an even 
cycle). The corresponding family of homology classes 


Sti -j I 

(5,4) chJ.(F) := |0(-l)lV2J_ch, (F)] e ffCj„(B|r) 

~ T 

is called a T-relative Chern character of B. Each of the elements ch^(F) dehned by 
equation (15.31) is called the n-th component of the T-relative Chern cycle associated to 
F. Note that the relative Chern character ch^^(F) is related to the Chern character 
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ch 2 n(F) (cf. [29l Section 8.3]), by ch^^(F) = A* o ch 2 n(F), where A^, : HC^{B) 
HC^,{B\T) is the canonical surjection. Hence the relative Chern character dehnes a 
family of Abelian group morphisms Kq{B) HC^{B\T). 


Lemma 5.13. With the notation and assumptions of Theorem \5.1(A the components 

T 

of the T-relative Chern cycle associated to E come out as chg (E) = Eie/ 
and, for n eN, 


clC(E) = 


■ fri^inin+l )Ciii 2 

h 

,..., 2 yi_|_l G/ 



e- . ( 2 )e. . Wge. . ( 2 )g, . (i)g 
^2122 ^22^3 ^^2223 ^2324 ^ 

• • • i ^^^< 8)64 

j, tritn + l 27t,+121 ^ 2 ' 

^1 ; • • *5^71+1 

£l 



Proof. The explicit form of ch^ (E) is computed directly from the dehnition of E 
and from equation fl5.3p . For the zeroth component, 

cho(E) = [ ^ 4>{ip{eii)xp)] = [ ^ 4>{eJ^^Xpfp{eii^^'>))] = 

iei,peP iei,peP i&i 


where the second equality follows by the dehnition of A/[A,T] and the T-bilinearity 
of 0. With the help of fl5.2l) . Lemma [5.11 (3) and Lemma [5.31 and also using the fact 
that 0 is a T-T bimodule map and, if restricted to B, it is the identity map, we can 
compute, for all n > 0, 

~ ■ ■ ■ ®-^(*n,Pn)dn+lTn+l)®-^(*n + l,Pn + l)(n,Pl) 

pi,...,p„+lGP 

~ ^ ^ 0(^P1 (®n*2)^P2)*§* ■ ■ ■ *^'/’(^Pn(^jn*n + l)^Pn + l)*^'/’(^Pn + l(^*n + l*l)^Pl) 

pi,...,Pn+ieP 


• M^n+l 




'I'n'l'n + l 


( 2 ) 


ei 


n+Ol 


( 1 ) 


)|0(ei 


n+l*l 


(2). 


-2122 


( 1 )> 


^ ^ ^^Tipi2i3)^T{pizi4) ' ' ' ^T{pinin+l)^T{pin+iii)^ili2^ 


This completes the proof. □ 


If the map fl5.1l) is an isomorphism, then the components of the Chern character 
associated to E are equal to the components of the Chern-Galois character. This 
observation leads to the following 


Theorem 5.14. Let (A, C, 0)ij he a bijective right entwining structure over R and 
let B 'O A be an entwined extension with a strong T-connection, where T is a k- 
subalgebra of B. Suppose that the extension BOA splits as a B-T bimodule, that A 
is a locally projective right T-module, a flat left T-module and that the map fl5.ip is an 
epimorphism. Then the relative Chern-Galois character chg^.^^ : Kq{C) — HC 2 niB\T) 
does not depend on the choice of a strong connection. 


Proof. If r = AOqW, isomorphic C-comodules W lead to isomorphic H-modules 
r. As cotensor product respects direct sums, the assignment W descends to an 
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Abelian map of Grothendieck groups. Thus, in view of Lemma 15.131 any component 
of the relative Chern-Galois character can be understood as a composition 

chg^„ : Ko{C) -- Ko{B) HC2n{B) — HC2n{B\T). 

The hrst map does not depend on the choice of It as the dehnition of T is independent 
of the choice of a strong connection. The second map is independent of ir, since the 
Ghern character is independent of the choice of an idempotent by Theorem 8.3.4]. 
The canonical epimorphism A* : HC^,{B) —> iLG*(i?|T) (cf. Section [275]) is obviously 
independent oi £t- □ 
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